The purpose of this study is to apply the Laplace-Adomian Decomposition Method (LADM) for obtaining the analytical and numerical solutions of a nonlinear differential equation that describes a magnetohydrodynamic (MHD) flow near the forward stagnation point of two-dimensional and axisymmetric bodies. By using this method, the similarity solutions of the problem are obtained for some typical values of the model parameters. For getting computational solutions, we combined the obtained series solutions by LADM with the Padé approximation. The method is easy to apply and gives high accurate results. The presented results through tables and figures show the efficiency and accuracy of the proposed technique.
Introduction
Nonlinear phenomena, that appear in many areas of scientific fields such as solid state physics, plasma physics, fluid mechanics, population models, and chemical kinetics, can be defined by nonlinear differential equations. One of the most important kinds of these equations is the nonlinear differential equation that characterize boundary layer problems in unbounded domains.
Firstly, Sakiadis in 1961 [1] solved the problem of forced convection along an isothermal constantly moving plate which is a classical problem of fluid mechanics. Magnetohydrodynamics (MHD) is considering the interaction of conducting fluids with electromagnetic problems. The flow of an electrically conducting fluid within the magnetic field is one of the most applicable sections in various areas of engineering and technology. The viscous flow due to a stretching boundary is important in extrusion processes when sheet material is pulled out of an orifice with rasing velocity.
Therefore, since the numerical/analytical study of fluid flow across a thin liquid film is very important in many branches of science and technology, many authors paid much attention to considering the behaviour of this problem numerically and analytically. In the investigation of boundary layer problems, by applying a good variables transformation, we convert the system of the Navier-Stokes equations to a nonlinear ordinary boundary value problem with a semi-infinite interval. In [2] , the infinite domain is replaced with [−L, L] and the semi-infinite interval with [0, L] by selecting a sufficiently large L. Guo [3] converted the problem of semi-infinite domains to a model of a bounded domain. Authors of [4 -20] presented some other similar discussions.
The Adomian decomposition method (ADM) has been applied to a wide class of problems in physics, biology, and chemical reactions. The method provides the solution in a rapid convergent series with computable terms [21, 22] . Then by applying this method, the numerical solutions of some equations can be obtained. In this research, we will combine ADM with the Laplace transformation to get the similarity solution of an important nonlinear differential equation. This method is proposed in [23 -25] . A combination of ADM with Padé approximations has been presented by Baker [26] , and authors of [27 -29] applied this method for obtaining the solution of some boundary layer problems which involve a boundary condition at infinity. This paper has the following structure: converting the model of a system of nonlinear partial differential equations (PDEs) to a nonlinear ordinary differential equation is presented in Section 2. In Section 3, we apply LADM to the obtained ordinary equation from Section 2, and in Section 4, the combination of LADM with the Padé approximant is shown. Finally, the numerical results for the various values of parameters are reported by tables and figures.
Mathematical Formulation of the Problem
Consider an electrically conducting fluid with the transverse magnetic field B(x) that is flowing past a flat plate stretched with a power-law velocity. According to the presented discussions in [30 -32] , suppose that (u, v) be the velocity components in (x, y) directions, respectively. Also σ and ν are the electrical conductivity and kinematic viscosity, respectively. Moreover, we know that u e (x) = cx m , c > 0, is the external velocity, and B(x) = B 0 x m−1 2 is our magnetic field. Finally, suppose that m is the power-law velocity exponent, and ρ is the fluid density. Then based on the above assumptions, the corresponding phenomenon can be introduced as follows:
subject to the following boundary conditions:
where a and b are constants, and u w (x) and v w (x) are the stretching and the suction (or injection) velocity. We define the velocity components u and v by
By using (4) in (1), (2) , and (3), we have
subject to the boundary conditions
We introduce ϕ(x, y) as the stream function and τ as a variable given below:
Now, by applying (7) in (5) and (6), we have
with boundary conditions
where
and M 2 is the Hartmann number. The analytical discussions of the above equation have been presented in [32] . However, to our knowledge, this paper may be the first attempt to apply a numerical method for obtaining some numerical results of (8) and (9).
Application of the Laplace Adomian Decomposition Method
In this section, firstly the Laplace transform algorithm will be employed to the nonlinear ordinary differential equation (8) with boundary conditions (9) . For this purpose, we take the Laplace transformation (L) on both sides of (8) in the presence of the boundary conditions (9) . Then, we get
Our main aim is now to determine the value of f (0) for different values of the parameters α, β , m, and M. Then, if we define f (0) = γ, we can solve equation (8) subject to the initial value conditions
where γ is an unknown constant that had to be determined. Now, by applying the conditions (11) into (10), we get
By using the Laplace decomposition method [33, 34] , we will be able to obtain an analytic solution of (12) in the form of an infinite series as follow:
The components f n (τ), for n = 0, 1, 2, . . ., will be determined by an iterative algorithm. Moreover, we decomposed the nonlinear terms f (τ) 2 and f (τ) f (τ) by using the infinite series of the so-called Adomian polynomials [21, 22] :
where the Adomian polynomials A n and B n can be shown in the from of
.
Some of the components of the above Adomian polynomials can be given by the following formulas:
By inserting the above results and Adomian polynomials into (12), we get
Now notice that in the form of (14), a lot of work has to be done to compute the components f n (τ). Therefore, we rewrite this equation to the following case, and then we will do our arithmetics based on the following formula:
On the other hand, if we let
represent the term arising from prescribed initial conditions, then based on the modified Laplace decomposition method [35] , the function K(s) can be decomposed into four parts named as
Hence, for obtaining the f n , n ≥ 0, firstly we compare both sides of (15) and then use the inverse Laplace transform L −1 . In this way, an iterative process will be obtained that gives us the values of f n for n = 0, 1, 2, . . .:
By using the inverse Laplace transform in (16), we can obtain the initial term f 0 . Now, we can compute the value of f 1 by using the known value of f 0 . By continuing this process, we can find the successive terms. Thus we have
By obtaining the components f i (τ) for i = 0, 1, 2, 3, . . ., the approximate analytic solution of the equation can be found from (13) . The approximate analytic solution for the second iteration process is
From (17), it is evident that the obtained analytic solutions through LADM are power series in the independent variable. But these solutions have not the correct behaviour at infinity according tothe boundary condition f (∞) = 1, and these solutions cannot be directly applied. Hence, it is essential to combine the series solutions, obtained by LADM, with the Padé approximants to overcome this problem.
The LADM-Padé Approximation
As mentioned in the previous section, the obtained series solutions by the LADM (17) has not the correct behaviour at infinity according to the boundary condition f (∞) = 1, and this power series solution cannot be directly applied. To overcome this problem, here the obtained power series (17) will be approximated by a rational function, called Padé approximation. To this end, we approximate the power series (17) obtained by the Laplace-Adomian decomposition method by a rational function as follows:
The rational function (18) has S + N + 1 coefficients that we will determine. We know that, when [S/N](τ) is exactly a Padé approximation of the series solution f (τ) given by (17) 
So we can obtain the coefficients a j and b j by the following relations:
where (19) and (20), we can achieve the values for a i (0
Note that every term of the series solution f (τ) given by (17) depends on the unknown value γ = f (0); so its Padé approximant depends on γ, too. Hence, to compute an accurate analytical solution of the governing problem, firstly the missing value γ should be determined with high accuracy. To get the missing value γ, we will employ the infinity boundary condition f (∞) = 1. For this purpose, f (τ) of the series solution given by (17) After computing the missing value γ, an accurate approximated semi-analytical solution for the governing problem can be given as Padé approximation of the series solution given by (17) . Now, notice that based on the presented results in [32] , the uniqueness and convergence solution of (8) (8) and (9) in the two following cases:
Moreover, there exists α < l < α 2 + 4
Proof. See [32] .
Lemma 2. Let α be any real number and 0 ≤ β < 1. Then there exists an unique convex solution of the problem (8) and (9) in the two following cases: Proof. See [32] .
In this section, based on the above lemmas, we will obtain the numerical result of problem (8) and (9) in the above four cases.
Example 1.
Consider (8) and (9) when the model parameters satisfy Case 1. In this example, we consider two types of these model parameters. In Case 1, let α = 1, m = − Table 2 . Additionally, some Table 2 . Numerical results of Example 2 for f (0) and several values of M. Table 3 . Numerical results of f (0) for Example 3 and several values of M. Table 4 . Numerical results of f (0) for Example 4 and several values of M. reported in Table 3 . Further, the computed similarity solutions for f (τ) and f (τ) for the various values of M are shown in Figures 7 and 8 . obtained computational values of f (0) are reported in Table 4 . Also some of the computed similarity solutions by using the LADM-Padé approximations for f (τ) and f (τ) for the viscous values of the model parameters M are plotted in Figures 9 and 10 , respectively.
Conclusions
In this article, one of the third-order nonlinear autonomous equations subject to a boundary condition which is defined at infinity, is considered. The similarity solution is obtained by using the Laplace-Adomian decomposition method. Then, the computational results for various values of the parameters of the equation are obtained by combining LADM with Padé approximants. Based on our knowledge, this paper is the first one trying to obtain the computational results for the presented equation. The numerical results arranged in tables and figures show the accuracy of the presented process. It is evidence that this method gives high accurate results in very few iterations and can be applied to other similar equations.
